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Abstract. In this article we study pluriregular varieties X of general type with 
base-point-free canonical bundle whose canonical morphism has degree 3 and 
maps X onto a variety of minimal degree Y . We carry out our study from two 
different perspectives. 

First we study in Section 2 the canonical ring of X describing completely the 
degrees of its minimal generators. We apply this to the study of the projective 
normality of the images of the pluricanonical morphisms of X. Our study of the 
canonical ring of X also shows that, if the dimension of X is greater than or 
equal to 3, there does not exist a converse to a theorem of M. Green that bounds 
the degree of the generators of the canonical ring of X. This is in sharp contrast 
with the situation in dimension 2 where such converse exists, as proved by the 
authors in a previous work. 

Second, we study in Section 3, the structure of the canonical morphism of 
X. We use this to show among other things the non-existence of some a priori 
plausible examples of triple canonical covers of varieties of minimal degree. We 
also characterize the targets of flat canonical covers of varieties of minimal degree. 
Some of the results of Section 3 are more general and apply to varieties X which 
are not necessarily regular, and to targets Y that are scrolls which are not of 
minimal degree. 
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1. Introduction 

The purpose of the article is to study pluriregular varieties (these are, accord- 
ing to Catanese, varieties such that the intermediate cohomology of its structure 
sheaf vanish) of general type X with base-point-free canonical divisor and such 
that the canonical morphism 7r is a generically 3 : 1 morphism onto a variety 
of minimal degree Y. The varieties of general type whose canonical morphism 
maps to a variety of minimal degree play an important role in various settings. 
In dimension 2 they are central in the classification of surfaces of general type 
with small c\ and in questions about degenerations and the moduli of surfaces 
of general type. This is illustrated by the works of Horikawa, Catanese, Konno, 
Mendes Lopes and Pardini, among others. In higher dimensions, pluriregular 
varieties of general type have been studied by F. Catanese (see [Cal] and [Ca2]) 
and M. Green ([G]) who prove results on the canonical ring of these varieties. 

We study these varieties from two different perspectives. The first perspec- 
tive we take is the study of the structure of their canonical ring. This is handled 
in Section 2. More precisely our main goal is to find out the degrees of the 
generators. This goal is accomplished in Theorem 2.6 for odd dimensional va- 
rieties and Theorem 2.11 for even dimensional varieties, where we obtain a full 
description of the degrees in terms of the dimension of X and the degree of Y. 
We put these two results together in the following 

Theorem 1. Let X be a smooth, pluriregular variety of general type of dimen- 
sion m > 2 and let Y C p r + m_1 be an m-fold of minimal degree. Assume that 
Kx is base-point- free and let n : X — > Y be the canonical morphism of X . 
Assume that % is a generically finite morphism of degree 3. Then 

1) if m is odd, the canonical ring of X is generated by its part of degree 1 and 
I linearly indendent generators in degree 

2) ifmis even, the canonical ring of X is generated by its elements of degree 1, r 
linearly independent generators in degree and r — 1 linearly independent 
generators in degree m + 1 . 

Apart from its intrinsic interest, Theorem 1 has several applications. In the 
first place the degrees of the generators of the canonical ring are related to the 
degrees of the generators of the pluricanonical rings and therefore, with the very 
ampleness and projective normality associated to pluricanonical morphisms on 
the variety X. In this regard, using Theorem 1 (1) for the odd dimensional case, 
we give a necessary and sufficient condition for multiples of the canonical bundle 
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Kx on X to give projectively normal embeddings. Precisely (see Theorem 2.9) 
we obtain 

Let X an odd dimensional variety satisfying the hypothesis of Theorem 1 . 
Assume in addition that Kx is ample. Then the line bundle K^- n is very ample 
and the image of the morphism it induces is projectively normal if and only if 

In the even dimensional case using Theorem 1 (2) we obtain a sufficient 
condition for a multiple of Kx to induce a projectively normal embedding (see 
Theorem 2.13). 

Another interesting consequence of Theorem 1 concerns this general question: 
"what is the minimal degree of the generators of the canonical ring of a variety of 
general type?." Green (see [G]) proved that the canonical ring of a pluriregular 
variety of general type is generated in degree less than or equal to n if the 
canonical morphism does not map X onto a variety of minimal degree. Here 
is yet another instance where varieties of minimal degree play an important 
role. For surfaces, the above mentioned result by Green was also obtained 
independently by Ciliberto (see [Ci]). In [GP] we proved a converse of this result 
of Green and Ciliberto. Precisely, we found out the degrees of the generators 
of the canonical ring of a regular surface of general type X whose canonical 
morphism mapped X to a surface of minimal degree. As a corollary of this we 
proved (cf. [GP], Corollary 2.8) a converse to the result of Ciliberto and Green. 
For higher dimensions, Theorem 1 and the examples at the end of Section 3 
draw a very different picture. Indeed Theorem 1 and Proposition 3.4 show that 
a converse to Green's result, that is, a result saying that the canonical ring of a 
pluriregular variety of general type is generated in degree less than or equal to n 
if and only if the canonical morphism does not map X onto a variety of minimal 
degree, is false in dimension greater than 2. The reason the converse fails is 
due to the fact that for the varieties studied in Section 2, the canonical ring is 
generated in degree much lower than the Green's bound, roughly, in degree half 
of Green's bound. This fact is noted in Remark 3.5. 

The second approach we take is to study the structure of the canonical mor- 
phism of varieties X of general type which are triple covers of varieties of minimal 
degree Y. This is dealt with in Section 3. We will mention here some of the in- 
teresting consequences of this study. We obtain results which show that the fact 
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of working with a morphism induced by a canonical subseries imposes strong 
restrictions on the parity of the dimension of X and Y and of the degree of 
Y. These results hold for varieties of general type which are more general than 
those considered in Section 1. For instance, as a consequence of Theorem 3.2, 
we obtain this result which holds for canonical morphisms of arbitrary degree 
and for any scroll Y not necessarily fibered over P 1 : 

(1) An even dimensional variety of general type does not admit a generically 
finite canonical morphism of odd degree to a scroll. 

When the canonical morphism is generically finite of degree 3, we go further 
in our study and obtain Theorem 3.1 and Theorem 3.3. We mention below some 
of the consequences of these theorems: 

(2) We show that there is a relation between the dimension m of X and the 
degree r of Y. More precisely, we see that the condition of m being odd forces r 
to be even. In particular there are no odd dimensional varieties of general type 
which are triple canonical covers of linear P m . 

With the additional hypothesis of flatness on the canonical morphism, we 
obtain the following stronger results: 

(3) A variety of general type which is a canonical triple cover of a variety of 
minimal degree is pluriregular (see Theorem 3.1). 

(4) Theorem 3.3 shows that all triple flat canonical covers X Y of varieties 
of minimal degree are such that tt*Ox splits as vector bundle over Oy in the 
same way as a cyclic cover. 

(5) We determine precisely what are the varieties of general type which occur 
as targets of canonical morphisms of degree 3. This is achieved by Theorem 3.3 
and Proposition 3.4. 

Moreover, the pluriregular varieties of general type constructed in Proposition 
3.4 illustrate the theorems that we prove in this paper. 

We will say now a few words on the techniques used to prove the results 
of Section 2. These techniques involve the study of the CV-algebra structure 
on 7i*Ox to find the multiplicative structure of the canonical ring of X. Even 
though we reduce the problem from a complicated variety to a simpler variety, 
as a variety of minimal degree Y appear to be when compared to the variety 
X, there are natural difficulties that arise in the process. The proof of Theorem 
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2.6 and Theorem 2.11 involves the study of multiplication of global sections of 
line bundles on the m-dimensional variety of general type X. To do so we relate 
the problem of multiplication of global sections of line bundles on X to that 
of multiplication of global sections of line bundles on a curve C which is an 
m — 1 complete intersection on X. We achieve this through an inductive process 
that we develop in Lemma 2.3. An impression that things become simple on 
curves is misleading since by a process such as this one obtains bundles of small 
degree on C which are difficult to handle in the context of multiplication maps. 
To circumvent this we transfer the problem of multiplication maps on C to a 
rational normal curve obtained as m — 1 complete intersection on Y by means of 
pushing down from C by n. We have traded one difficulty, that of handling small 
degree bundles on the curve C of J, to another, namely, the study of certain 
maps on P 1 . These maps involve global sections of vector bundles on P 1 but are 
not multiplication maps of global sections. The key ingredient to this approach, 
which allows us to settle the problem, is to use the algebra structure of Oq over 
(9 P i to interpret the maps appearing on P 1 and to see their relation with the 
multiplication maps on C. Note finally that, unlike double covers, a triple cover 
is not determined by the branch locus and the algebra structure it induces on 
Ox might be quite complicated. This is another difficulty one encounters but 
we are able to overcome it in the context of this paper. 

Convention. Throughout this article the base field k has characteristic 
and k = k. By variety we will mean an irreducible projective variety over k. 

2. The canonical ring of triple 
covers of varieties of minimal degree 

The purpose of this section is to study the canonical ring of a pluriregular 
variety X of general type with base-point-free canonical bundle Kx and such 
that its canonical morphism maps X generically 3 : 1 onto a variety of minimal 
degree. Precisely we want to prove Theorem 1 of the introduction, which tells 
the degrees of the generators of the canonical ring of X. To do so we will need 
to establish some notation and to prove some auxiliary lemmas and results. 

Notation 2.1 . Let X be a smooth variety of general type of dimension 
m and let Kx be its canonical bundle. Assume that Kx is base-point-free. 
Let Xi C ■ ■ • C X m i C • ■ • X m = X be smooth irreducible subsequent Tri- 
dimensional, complete intersections of members of \Kx\- We will also denote 
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Xi by C. We denote Kx\x m , by L m > (in particular L m = Kx) and we will also 
denote L\ by 6. Finally let 

H (X m >,L m ,)®H (X m >,L m ,) > H (X m >,L m , ) 

be the usual multiplication map of global sections. 
We will use also some abridged notation: 

a(s, t; m) = a(s, t), 
a(s,t;l) = P(s,t), 
a(s, 1; m') = a(s; m') 
a(s, 1; m) = a s and 
a(s, 1; 1) = 

The idea of the proofs of Theorem 1 is to relate the computation of generators 
of the canonical ring to the knowledge of the images of certain maps of multi- 
plication of global sections of line bundles on X. We will find out the image 
of these maps by studying analogous maps of multiplication of global sections 
of line bundles on the varieties X m i defined above, and eventually, by studying 
maps on the curve C. In order to realize the link between the maps on X m > and 
the maps on X m we need a couple of lemmas. 

Lemma 2.2. Let X be a smooth, pluriregular variety of general type of dimen- 
sion m, such that its canonical bundle Kx is base-point- free. Then: 

1) H b (L^) = for all 2 < rri < m, 1 < b < ml - 1 

2) The natural maps of restriction of global sections 

surject for all 2 < m! < m, all 1 < i < m' — 1 and all n > 1 . In particular, 
the maps 

H°(L®?) — H^L^) and 
H°(K^ n ) — ► H°(6® n ) 

surject for all n > 1 . 

Proof. If ml = m, 1) follows from hypothesis, Kawamata-Viehweg vanishing 
and Serre duality. Arguing by induction on the codimension and using the long 
exact sequence of cohomology which arises from 

ri , j®n — 1 j ®n , j ®n , n. 
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we prove 1) for all 2 < m' < m. To prove 2) it is enough to show the surjectivity 
of 

for all 2 < m' < m and n > 1, since the maps 

are composite of maps like the previous one. But the surjectivity of /i follows at 
once from the vanishing of i7 1 (L®? _1 ), which follows from 1). □ 

Lemma 2.3. Let X be a smooth, pluriregular variety of general type of dimen- 
sion m, such that its canonical bundle Kx is base-point- free. 

1) Let s 1 ,s 2 > 1. // 

H°(K^ Sl ) <g> H°(K^ S2 ) " (si,S2;m) > H°(Kf 1+S2 ) surjects, so does 
H°(6® Sl ) <g> H°(6® S2 ) " (S1,S2;1) > H°(e® Sl+S2 ) . 

2) Given si,S2 > 1, assume that the maps 

surject for all 1 < s' < s±. Then the maps 

H°(L® S ,') ® #°(L®? 2 ) " (s/ ' S2;m,) : 

surject for all 1 < s' < s± and all 1 < m' < m. 

3) Given s±, s 2 > 1, assume that the maps 

H°(e® s ') <g> H°(6® S2 ) a{s '' S2 ' 1 \ H O(0®*'+82) 
surject for all 1 < s' < s± — 1. Then the image of the map 

H°{L®^) ® H°{L^ S2 ) a ^ S2 ' m '\ H°(L^ +S2 ) 
is the inverse image of the image of map 

H°(9® S1 ) <g> H {0® S2 ) a{si ' S2 ' 1 \ H O( ®s 1+ s^ 
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by the obvious restriction map 

H°(L® S , 1+S2 ) > £[0^Q(g>s 1 +s 2 ^ 

Moreover, the codimension of a(si, S2; m') in H°(L'^ l s , 1+S2 ) is the same for 
all 1 < m' < m. 

Proof. First we prove 1). Consider the following commutative diagram: 

if°(K| si )® h°(k® S2 ) — > H (e® s i)®H°(e® S2 ) 

H°(K® S1+S2 ) -» H 0( d ®s 1+S2 } ; 

where the horizontal arrows are induced by restricting global sections from X 
to C. The surjectivity of the bottom horizontal arrow follows from Lemma 2.2. 
Then it is clear that the surjectivity of the left hand side vertical arrow implies 
the surjectivity of right hand side vertical arrow. 
Now we prove 2). Assume the maps 

H°{9® s ') <g> H°{9® S2 ) a{s '^ l \ H 0(q®s'+s^ 

surject for all 1 < s' < si. We are going to show the surjectivity of a(s' , S2; m') 
for all 1 < ml < m and all < s' < s. The proof is by induction on both on m' . 
If m' = 1, the result is our hypothesis, the case s' = being obvious. Now we 
assume the result true for m' — 1 and we will prove it for m' by induction on s' . 
If s' = 0, the result is again obvious. Now we assume the result to be true for 
s' — 1 and we will prove it for s' . Consider the following commutative diagram: 

H°(L^' +S2 - 1 ) — H°(L® s f ' +S2 ) -» H°(L® s f '+{ 2 ) . 

The last top and bottom horizonta 1 arrows are surjective by Lemma 2.2. 
The left hand side vertical arrow is a(s' — 1, S2;m') and surjects by induction 
hypothesis on s'. The right hand side vertical arrow is the composition of the 
map 
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whose surjectivity follows from Lemma 2.2, and the map of multiplication of 
global sections on X m >_i, a(s', S2; m' — 1), which is surjective by induction hy- 
pothesis on to'. Then it follows from chasing the diagram that the middle 
vertical arrow a(s' , S2; to') surjects. 

Finally we prove 3) by induction on to'. If to' = 1, there is nothing to prove. 
Now we assume the result true for to' — 1 with to' > 2 and we will prove it for 
to'. Consider the following commutative diagram: 

- - W m > = W m /_i . 

The last top and bottom horizontal arrows are surjective by Lemma 2.2. The 
left hand side vertical arrow is a(s± — l,S2',m'). This map surjects by part 2) 
of this lemma. The right hand side first vertical arrow is the composition of the 
map 

H°(L%L ,) ® H°(L»?) — H^L^) ® H^U) , 

and the map of multiplication of global sections on X m /_i, a(si, S2; to' — 1). The 
first of the two above mentioned maps is surjective by Lemma 2.2. Therefore 
the image of the right hand side first vertical arrow is equal to the image of 
a(si, S2; to.' — 1). By induction hypothesis, the image of a(si, S2; to' — 1) is the 
inverse image of the image of a(si,S2', 1) by the natural map of restriction of 
global sections 

H°(X m ,- U L% 1 + a >) -^H\C^ +8 -) . 

By chasing the diagram it follows that the image of a(si, S2,m') is the inverse 
image of the image of a(si, S2, to' — 1) by the restriction map 

ti (X m ,,L m , ) > ti (A m /_i,i, m ,_ 1 ) . 

So finally the image of a(si, S2] to') is the inverse image of the image of a(si, S2; 1) 
by the restriction map 

H°(X m ,,L® s , 1+S2 ) ^ H°(C,6® S1+S2 ) . 



#0( L ®»i+* 2 -l) 
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Note finally that the isomorphism between W m > and W m >-i at each step of the 
inductive process tells us that the codimensions of the images of a(s\, S2] m') in 
H°(X m >, L® s , 1+S2 ) are all equal for all 1 < w! < m. □ 

As we have previously mentioned in order to prove Theorem 1 we need to 
study certain maps of multiplication of global sections of line bundles on the 
curve C defined in Notation 2.1. We will prove Theorem 1 first when the 
dimension of m is odd. On the curve C we need the following 

Proposition 2.4. Let C be a smooth curve, let 6 be an ample and base-point- 
free line bundle on C and let m be an odd natural number such that 6® m = Kc- 
Let ip : X — > Y be the morphism induced by a subseries W of \0\ without base 
points, and assume that the degree of ip is 3 and that Y is a (smooth) rational 
normal curve of degree r. Then 
1.1) 

TfiV ~\~ 2 

<p*(Oc) = O p i © O p i( — ) © O p i (-rar - 2)) . 

In particular, r is even. 
1.2) If m>3, then ip is in fact induced by the complete linear series of 9. 

2.1) The map (3 n in H°(9® n+1 ) surjects if and only if n ^ m ^,m; 

2.2) The map Pi^J) surjects in H°(6®^ +1 ) if < I < 

2.3) The image of (3(si, S2) is the same subspace U' of H°(e®^) for all 
si, S2 such that si + S2 = si, ^2 > 1- The codimension of U' is |. 

2.4) The map P(si,S2) surjects if si,S2 > and s± + S2 < ■ 

3) The ring Rg = ©^ 1 (-Re)s ; where (Rg) s = i^°(^ <g)s ), is generated by its part 
of degree 

1 and I generators in degree 22 ^-. 

(2.5) Proof of Proposition 2.4- We first prove 1.1). Since ip is finite and Y is 
smooth, ip is finite and flat, then <p*(Oc) is a vector bundle of rank 3. The 
bundle ip*(Oc) splits as direct sum of line bundles over P 1 . Let 

<p*(O c ) = Opi ©Cpi(-ai) ©C P i(-a 2 ) 

for integers a\ < 0,2, which are strictly positive because C is connected, hence 
h°(O c ) = 1. Recall that K c = 6® m and that 9 = p*(0 P i(r)). Then, on the 
one hand, 



p* (K c ) = Opi (mr) © O p i (mr - 01) © C P i (mr - a 2 ) , 
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by projection formula. On the other hand, 

ip*{K c ) = (<P*(Pc))* ® K P i = C P i(a 2 - 2) © P i(ai - 2) © O pl (-2) , 
by relative duality. Then 

mr = d2 — 2 
mr — a± = a\ — 2 
mr — ci2 = — 2 , 

from where ai = mr + 2 and a 2 = mr + 2. Moreover, since m is odd and mr + 2 
has to be even, r is even. This completes the proof of 1.1). 

Now we prove 1.2). It follows from 1.1) and projection formula that 



H°(0) = H (<p.(e)) = H°(O P i(r)) 

(2 — m)r — 2 
©O p i(^ 1 )©0pi((l-m)r-2))) . 

Then H G {ip*(9)) = H°(Opi(r)), for m > 3. Therefore 9? is induced by the 
complete 

We have seen that (p*(O c ) and O p i © O p i(-^±^) © C P i(-mr - 2)) are 
isomorphic as sheaves of modules over O-pi. We call E = Opi(— mr ^~ 2 ) © 
Opi(—mr — 2)). Since <^*(Oc) is also a sheaf of algebras over Opi, then the 
algebra structure of <p*(Oc) makes Opi © P i (-^) © P i (-mr - 2)) into a 
sheaf of Opi-algebras whose multiplication decomposes like this (see [M], [HM] 
or [GP]): The map 

O p i © (Dpi — ► Opi 
is the ring multiplication in Opi . The maps 

C P i©C P i(-^^) — > O pl (-I2tt2) 

P i ©0 P i(-mr-2) — ► C P i(-mr + 2) 
O pl (-™±i)®Opi — > O pl (-iett2) and 
Opi (-mr- 2) © Opi — ► P i(-mr + 2) 

are the left and right module multiplication of Opi (— mr 2 +2 ) and Opi (—mr + 2). 
Finally there is a map 

E®E — > ip*O c 
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whose structure depends on the cover tp itself. We will use all this to prove 2). 
Since 9 = (p*Oj>i(r), it follows from 1) and projection formula that 

H\d® n ) = H (O P i (nr))eiJ°(C pl ( ^ ~ ™ )r ~ 2) ))®H°(O p i ((n-m)r-2)) . 
Let us denote 

A(n) = H (O P i(nr)) 
B(n) = ff°(Opi( (2n -^ )r - 2) )) 
C(n) = H°(0 P i((n-m)r-2)) . 

The way in which global sections of #°(#® Sl ) and global sections of H°(6® S2 ) 
multiply is governed by the ring multiplication in 

V?*Oc = C P i © C P i ( — ) © C P i {-mr - 2)) . 

Thus the map /3(si, S2) splits as direct sum of the following maps 

A(si)<g> A(s 2 ) — ► A( Sl + s 2 ) 
A( Sl )®B(s 2 ) — > B( Sl + s 2 ) 
A( Sl )®C(s 2 ) — > C(si + s 2 ) 
B( Sl ) © A(s 2 ) — ► B( Sl + s 2 ) 
C(si) © A(s 2 ) — »• C(si + s 2 ) 
[B( Sl ) © C(si)] © [B(s 2 ) © C(s 2 )] — > 
A(s! + s 2 ) © S(si + s 2 ) © C(si + s 2 )(2.5.1). 

The first map A(si) © A(s 2 ) — > A(si + s 2 ) is induced by the ring multiplica- 
tion in Opi and it is therefore a map of multiplication of global sections of line 
bundles on P 1 . The maps second to fifth are induced by the left and right mod- 
ule structure of E over (9pi and are also multiplcation maps of global sections of 
line bundles on P 1 . The structure of the last map is more complex and depends 
on the structure of tp. Thus the image of (3(si, s 2 ) will be the sum of the images 
of those six maps. We assume si, s 2 > 0. Then the first map is always nonzero 
and surjective, hence A(s± + s 2 ) is always contained in the image of (3(si,s 2 ). 
On the other hand the vanishing of the groups B(si), B(s 2 ), B(si + s 2 ) and 
C(si), C(s 2 ), C(s\ + s 2 ) depends on the values of s± and s 2 . If B(si) does not 
vanish, that is, if s\ > then B(si + s 2 ) does not vanish either and the map 

fl(si) © A(s 2 ) — > B( Sl + s 2 ) 



TRIPLE CANONICAL COVERS OF VARIETIES OF MINIMAL DEGREE 



13 



is surjective. Therefore in this case B(si + S2) is contained also in the image of 
(3(s\, S2). If C(si) does not vanish, that is, if s\ > m + 1, then C{s\ + S2) does 
not vanish either and the map 

C(s-l) <g> A(s 2 ) — ► C(s 1 + s 2 ) 

is surjective. Therefore in this case C(si + s 2 ) is contained in the image of 
P(si,S2)- There are analogous statements for B(s 2 ) and C{s2)- 

With this information we prove now 2.1), 2.2), 2.3) and 2.4). We prove first 
2.1). The multiplication map (3 n = 0(n,l) splits as shown in (2.5.1). If < 
n < B(n),C(n),B(n+l) and C(n+1) all vanish, therefore H°(9® n+1 ) = 

A(n + 1), and the map 

H°(9® n ) <8> H°(9) H°(9® n+1 ) 

is the map 

A(n)®A(l) — ► A(n + 1) , 

which is surjective. On the other hand, B(^l) = C(^) = C(^) = but 
B(^±±) has dimension § > 0. Then H°(9) = A(l), H ^®^) = A(z*=±) and 
H°(9®^) = A(^±l) © B(^±l). Then 

H°(9®^) ® H°(9) H°(9^) 

is the map 

..m — 1. . .m + 1. 

^(—3—) ® A(l) — ^(— ^— ) , 

whose image has codimension | in H°(9®^~). If < n < m — 1, then 
H°(9® n ) =A(n)®B(n) and H°(9® n+1 ) = A(n+l)@B(n+l), with A(n), S(n), 
A(n + 1) and _B(n + 1) all different from 0. Then according to ((2.5.1)) if 
< n < m — 1 the map f3 n decomposes as direct sum of 



A(n) <g> A(l) — ► A(n + 1) and 
B(n)®A(l) — >B(n + l) , 
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which are surjective maps, therefore the image of (3 n is A(n + 1) © B(n + 1) = 
i7°(6>® n+1 ). On the other hand C(m) = but C(m + 1) has dimension r — 1 > 0. 
Thus H°(6® m ) = A(m) © 5(m) but 

H°(6® m+1 ) = A{m + 1) © B(m + 1) © C(m + 1) . 

The map (3 m decomposes as direct sum of 

A{m) © A(l) — ► A(m + 1) and 
B(m) © A(l) — ► B(m + 1) , 

and then its image is A(m + 1) © B{m + 1), which has codimension r — 1 in 
H°(d® m+1 ). Finally if n > m+1, #°(# n ) = A(n)©5(n)©C(n), and A(n), B(n) 
and C(n) are all nonzero. Then (3 n decomposes as direct sum of 

A(n)®A(l) — ► A(n+1) 
B{n)®A{\) — ► B(n + 1) 
C{n)®A(l) -^C{n + 1) , 

and its image is A(n + 1) © B(n + 1) © C{n + 1) = H°(6 n+1 ). This completes 
the proof of 2.1). 

Now we prove 2.2). Recall that if ^ < n < m, then H°(e® n ) = A{n)@B{n) 
and that, if < I < z*=±, then H°(9® 1 ) = A{1). As we argued in the proof of 
2.1, the map /3( H ^,/) is governed by the algebra structure of ip*Oc- Then, if 
< I < 222 y^, /?( in ^-,/) decomposes as direct sum of 

..m + 1. .... ..m + 1 n 

) © A(Z) — ^(^— + 

_,.m + l. .... „.m+l ., 
B(— — ) © — + /) • 



Then the image of (3(^,1) is A(*a±i + /) © B(^±l + /) = H (9®2+ 1 ). 
On the other hand, tf°(6>®^) = A(^) © S(^). Therefore the map 
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P^m±l^ decomposes as direct sum of 



771 

M—^) ® A(-^-) — > A(m + 1) 

„ ,m + 1. , ,ra + 1. „. 
B (— 2~) ® ^(-j-) — • B ( m + !) 

A(m + l)©B(m + l)©C(m + l) (2.5.2). 

Since the first three maps are surjective We know that A(m + 1) © B(m + 1) is 
contained in the image of P( m ^-, m ^-). Now we need to look more carefully at 
the last one of the above maps. For this we have to study more closely the ring 
structure of (p*(Oc)- Let 

<P*(Oc)®<P*(Oc)-^<P*(Oc) 

be the map defined by the ring multiplication in <p*(Oc)- Then the projection to 
Dpi (-mr- 2) of the restriction of /x to P i ( ~ m 2 r ~ 2 ) © P i ( ~ m 2 r ~ 2 ) ) is nonzero. 
Otherwise there would be an integral Opi-subalgebra of <p*(Oc) of rank 2, 
namely C P i © Opi ( ~ m 2 r ~ 2 ). This is impossible because the rank of an integral 
subalgebra of (p*Oc must divide the rank of (p*Oc- Now if the projection to 
0pi(-rar-2) of the restriction of /x to £> P i ( ~ m 2 r ~ 2 ) © (9 P i ( ~ m 2 r ~ 2 ) ) is nonzero, 
it is an isomorphism. Then the projection of r\ to C(m + 1) is surjective. Since 
the image of the three first maps in ((2.5.2)) is A(m + 1) © B(m + 1) we may 
conclude that the image of f3{ m ^-, m 2 ^~) is 

A(m + 1) © B(m + 1) © C(m + 1) = H°(6® m+1 ) . 

We proceed now to prove 2.3). Let si, s 2 satisfy si + s 2 = and si, s 2 > 1- 
Recall that 

However, if si + s 2 = ^ and si, s 2 > 1, then s u s 2 < ^f 1 , hence H (9® Sl ) = 
A( Sl ) and ii°(^ S2 ) = A(s 2 )- Thus the map (3(s 1 ,s 2 ) is 

A( Sl )®A( a2 )— .A(^) . 
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Thus the image of /3(si,S2) is, for all s± + s 2 = ZZ2 2^", si,S2 > 1, equal to 
A(Z*±±) = H (O F i(^r)) which has codimension § in H°(9® 2 ^ 1 ). 

Finally we prove 2.4). If < s < ^ then H°(9® s ) = A(s). Then if 
si, S2 > and si + s 2 < m f^-, the map 0(si, s 2 ) is the multiplication map 

A(s 1 ) <g> A(s 2 ) — ► A(si + s 2 ) 

which is surjective. 

Now we prove 3). Note that the vector subspace of (Rg) n generated by the 
elements of degree smaller than n is the sum of the images of the maps @(si, s 2 ) 
with si,S2 > 1 and si + s 2 = n. We saw in 2.1) that the maps (3i surject 
if / < m ~ 1 . Then the parts of Rg of degree less than are generated by 
the elements of degree 1. 2.3) tells us that the elements of degree less than 
^Y^- generates a subspace of (Re) m+l of codimension |, henceforth we need | 

linearly independent elements of degree to generate (Rn) ™+i . If < 
I < m — 1, we saw also in 2.1) that the maps 0i surject, therefore the parts of 
degree > • ■ • > 171 are generated by the elements of Re of degree less than or 
equal to IB 2 ti . From 2.2) it follows that the map I2 f-) surjects, therefore 

(Re)m+i is also generated by the elements of (Ra) ™+i . Finally, if / > m + 1 we 
saw in 2.1) that the map /?/ surjects, thus the parts of Re of degree greater than 
or equal to m + 2 are generated by the elements of degree m + 1. Summarizing 
the ring Re is generated by its elements of degree 1 and by | elements of degree 



Now we can prove Theorem 1 when the dimension of the variety of general 
type X is odd. Precisely we prove 

Theorem 2.6. Let X be a smooth, pluriregular variety of general type of odd 
dimension m > 3 and let Y C p r + m_1 fr e an m-fold of minimal degree r . 
Assume that Kx is base-point-free and let tt : X — > Y be the canonical mor- 
phism of X . Assume that % is generically finite morphism of degree 3. Then 
the canonical ring of X is generated by its part of degree 1 and | generators in 
degree 

Proof. Let C be the intersection of m — 1 general members of \Kx\- Then C is a 
smooth and irreducible curve in X. Let 9 = Kx\c- By adjunction 9® m = Kc- 
We set (p = rr\c- Since C has been taken general, we may, and actually do, 
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choose C so that (p is finite onto a smooth rational normal curve D of degree r 
in P r . 

As we have seen in the proof of Proposition 2.4, in order to find out the 
degrees of the generators of R, we only need to study the images of the maps 
a(s,t) for all s,t> 1. In fact, since many of them will happen to be surjective 
it will suffice, for our purpose, to study only some of them. More precisely the 
statement of the theorem is true if the following happens: 

1) H°(K® n ) <g> H°(K X ) H°(K® n+1 ) surject for all n > 0, n ^ ^,m; 

2) H°(K®^) ® H°(K®^) H^Kfn+i^ surjects; 

3) the images of 

H°(K^) <g) H°(Kf 2 ) a(si ' S2 \ H°(K®^) 

for all si, S2 > 1, si + S2 = are equal of codimension ^. 

Recall that <p = tt\c is induced by the complete series of 9 and that C, 9 and 
(p satisfy the hypothesis of Proposition 2.4. Now to prove 1), 2) and 3) we will 
relate the maps appearing in 1), 2) and 3) with the multiplication maps on C 
studied in Proposition 2.4. To establish the relation between them we will use 
among other things Lemma 2.3. 1) and 2) follows directly from Lemma 2.3 (2) 
and Proposition 2.4 (2.1) and 2.4 (2.2). We now prove 3). By Proposition 2.4 
(2.4) we know that the maps f3(si 7 s 2 ) are surjective if si + S2 < m j^-- Let us 
know fix s±, S2 > 1 such that s\ + S2 = m 2^-- Then by Lemma 2.3 (3), we know 

that the codimension of the image of a(s±, s 2 ) in H°(K X 2 ) is the same as the 
codimension of the image of /?(si, s 2 ) in H°{9® 111 ^-). We also know by Lemma 
2.3 (3) that the image of a(si,S2) is the inverse image by the obvious map of 
restriction of sections 

H\Kf^)^H\e^) 

of the image of /?(si, S2). Finally Proposition 2.4 (2.3) tells the image of (3(si, S2) 
in H°(9®^~) are the same for all s±, s 2 > 1 such that si + S2 = and have 
codimension ^. Then all this implies that the images of a(si, S2) are equal and 

^ m-\-l 

of codimension | in H°(K X 2 ) for all s\, S2 > 1 such that s\ + S2 = D 

Remark 2.7. Proposition 2.4 states explicitely that the ring n>o H°(C 7 9® n ) 
has in each degree the same number of generators as the canonical ring of X , 
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n>o H°(X, K^)- The way Theorem 2.6 is proved shows that the same is true 
also for the "intermediate" rings © n>0 H°(X m >, 2 < m' < m — 1. 

Knowing the generators of the canonical ring of X tells us about the genera- 
tors of the pluricanonical rings of X and in particular, about which pulricanon- 
ical rings are generated in degree 1. We state te result we obtain in this regard 
in the next Theorem. Before that we recall the following definition due to M. 
Green: 

Definition 2.8. Let L be a line bundle on a projective variety X . We say that 
L satisfies property Nq if L is very ample and the image of X by the embedding 
induced by \L\ is projectively normal. 

Theorem 2.9. Let X be a smooth, pluriregular variety of general type of odd 
dimension m > 3 and let Y C p r + m_1 be an m-fold of minimal degree r. 
Assume that Kx is ample base-point-free and let tx : X — ► Y be the canonical 
morphism of X . Assume that tv has degree 3. Then the line bundle K^ n satisfies 
property No if and only if n> . 

Proof. Let C be as in Theorem 2.6. We carry out the proof in several steps. 
Step 1. iff n does not satisfy property N Q if n < 
Indeed, if n < then 

H°(K^ n ) — ► H°(K® n \c) 

surjects by Lemma 2.2 and 

H°(K® n \ c ) = H°{e® n ) = H°(p P i(nr)) , 

hence the n-pluricanonical morphism of X maps C to a rational normal curve, 
therefore K^ n is not very ample and does not satisfy property iVo- 

Now to see that K^™ satisfies property -/V for given n > it suffices to 

prove the surjectivity of the following maps: 

H°(Kf n ) ® H\K® n ) H°(Kf l+1)n ), for all / > 1 . 

Step 2. K® n satisfies property N if n = ^±±. 

The map a{ m ^-, surjects as shown in 2) of the proof of Theorem 2.6. 

On the other hand, the surjectivity of a(ln, n), / > 2 and n = follows from 
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the surjectivity of a n > for all n' > m + 1, which was also shown in 1) of the proof 
of Theorem 2.6. 

Step 3. K® n satisfies property No if < n < m. We first show that a(n, n) 
surjects. Since a^^, surjects and so do the maps a n > if n' > m+ 1, the 
following multiplication map 

H\K®^)®H G {Kf n -^ ) )®H\K®^)®H»{Kf n - I ^ ) ) 1> H°(Kf n ) 

also surjects. On the other hand 7 factorizes through a(n, n), which is therefore 
surjective. 

Finally the surjectivity of the maps a(ln, n) for all / > 2 and < n < m 
follows from the surjectivity of a n > for all n' > m + 1. 

Step 4- K^ n satisfies property iVo if n > m + 1. The surjectivity of the maps 
a n ' for all n' > m + 1 implies the surjectivity of the maps a(ln, n) for all / > 1 
and n > m + 1. □ 

Now we proceed to prove Theorem 1 when the dimension of X is even. As 
we did in the odd dimensional case, we need study first multiplication maps 
on a curve C, which is a complete intersection on X. Thus we prove a result 
analogous to Proposition 2.4. 

Proposition 2.10. Let C be a smooth curve, let 9 be an ample and base-point- 
free line bundle on C and let m be an even natural number such that 6® m = Kc- 
Let ip : C — ► Y be the morphism induced by \0\ and assume that the degree of 
<f is 3 and that Y is a (smooth) rational normal curve of degree r. Then 
1.1) 

TfiV ~\~ 2 

<p*(Oc) = Opi © C P i( — ) © O p i (-rar - 2)) . 

1.2) The map ip is induced by the complete linear series of 9. 

2.1) The map (3 n surjects if n ^ y , m, m + 1; if n = m + 1 and r > 2; and if 
n = m and r = 1. 

2.2) The images of the maps /3(si,S2) are equal and of codimension r in 
H°(9®^) ifs u s 2 > 1 and Sl + s 2 = 

2.3) The images of the maps (3(si,S2) are equal and of codimension r — 1 in 
H°(d® m+1 ) ifs 1 ,s 2 >lands 1 + S2 = m + l. 

2.4) The map (3(^,^) surjects. 

2.5) The map (3(si, s 2 ) surjects if s\, s 2 > and s± + s 2 < I j. 
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2.6) The map /3(si, S2) surjects if si, S2 > 0, s\ > ^j^-, and < si+s 2 < m. 

3) The ring Rg = ®^ =1 (-Re) s , where (Rg) s = H°(6® s ), is generated by its part 
of degree r generators in degree in j^ L and r — 1 generators in degree m + 1 . 

Proof. The proof of 1.1) and 1.2) is exactly like the proof of parts 1.1) and 
1.2) of Proposition 2.4. The proof of 2) is also like the proof of part 2) of 
Proposition 2.4. Here we will only highlight the differences. As we saw in the 
proof of Proposition 2.4 (2), the key to know the images of the maps /?(si, s 2 ) is 
the decomposition of H (9® Sl ) and H°(9® S2 ) as sum of blocks A{s 1 ) © B(si) © 
C(si) and A(s 2 ) © B(s 2 ) © C(s2), i.e., the crucial information is to know which 
ones among A(si), B(si),C(si), A(s2), B(s2),C(s 2 ) are zero. This information 
is obtained from 1). If < n < f, then H°(6® n ) = A(n). Thus, the map (3 n 
surjects if < n < If ^ < n < m, H°(6® n ) = A(n) © B(n), hence the 

map p n also surjects if ^ < n < m - 1. If n > m + 2, H°(6® n ) = A(n) © 
5(n) © C(n), then the map /?„ surjects if n > m + 2. If r = 1, #0(0®™+!) = 
A(m + 1) © B(m + 1), thus f3 m surjects if r = 1. If r > 1, then #0(0®™+!) = 
A(m+l)©S(m+l)©C(m+l), therefore /3 m +i surjects if r > 1. This proves 2.1). 
Now we prove 2.2). Recall that if < n < f , then H°(9® n ) = A(n). On the 

other hand H°(6®^) = A(^) ©S(^). Since B(^) = H (O F i (r- 1)), 
then, if si, s 2 > and si + s 2 = the image of the maps /3(si, S2) are equal 
to A( m ^-), which has codimension r in H ^® 1 ^). To prove 2.3) recall that 
if 2*±2 < n < m, H°(9® n ) = A(n) © B(ra) and that ^°(0® m + 1 ) = A(m + 1) © 
B(m+l)®C(m+l). Thus, ifsi,s 2 > 0andsi+s 2 = m+1, then either si > 
or s 2 > Let us say that si > m j^-, then s 2 < Then the image of the 

maps p(s 1 ,s 2 ) is A(m + 1) © B(m + 1). Since C(m+ 1) = #°(£> P i (r - 2)), the 
codimension of the image of /3(si, s 2 ) in #o^®m+i^ is r — 1. Part 2.4) follows 
from the fact that H°(6®^) = A(^) © B(^) arguing as in the proof of 
Proposition 2.4 (2.2). Part 2.5) follows from the fact that#°(#® n ) = A(n) if 
< n < f . Now we prove 2.6). Recall that if ^±2. < n < m, then H°(6® n ) = 
A(n) © £(n) and that if < n < f , then H°(6® n ) = A(n). This implies 2.6). 
Finally 3) follows from 2.1), 2.2), 2.3) and 2.4). □ 

Now from the previous Proposition 2.10 and using Lemma 2.2 and Lemma 
2.3 we can prove Theorem 1 for the even dimensional case: 

Theorem 2.11. Let X be a smooth, pluriregular variety of general type of even 
dimension m with Kx base-point-free. Assume that the canonical morphism it 
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is generically finite of degree 3 onto a variety Y of minimal degree r. Then the 
canonical ring of X is generated by its elements of degree 1, r generators in 
degree m ^ L and r — 1 generators in degree m + 1 . 

Sketch of proof . The proof uses the same ideas as the proof of Theorem 2.6 so we 
will just outline the key steps. As in Theorem 2.6 we need to know the images 
of the maps a(si, s 2 )- Precisely the result follows from the following claims: 

1) The map a n surjects if 1 < n < m ^ L - 

2) The images of the maps a(s, t), when s + t = and s, t > 1 are equal and 

of codimension r in H°(K X 2 ). 

3) The map a n surjects if < n < m — 1. 

4) The images of the maps a(s, £), when s + r = m + 1, s,t > 1 are equal and of 
codimension r - 1 in H°(K^ m+1 ). 

5) The map a(^, ^) surjects if r = 1. 

6) The map a m +i surjects if r > 2. 

7) The map a n surjects if n > m + 2. 

Before we prove the above claims, we will show how they imply the result. 
Claim 1) implies that the part of R of degree less than or equal to y is generated 
in degree 1. Claim 2) implies that the subspace of the part of degree ^j^- 
generated in lower degree has codimension r, hence, in order to generate R, r 
generators of degree are needed. Claim 1) and 3) imply that the part of 
R of degree less than or equal to m is generated in degree 1 and m ^" 1 . By the 
same argument as before, Claim 4) implies that, in order to generate R, we need 
r — 1 linearly independent elements of degree m + 1. Claims 5) and 6) imply 
that .R m +2 is generated in degree m ^ L or lower. Finally, Claim 7) proves that 
the part of R of degree greater than m + 2 is generated in degree m + 2 or 
lower. Summarizing, the above claims show that R is generated by its part of 
degree 1 , by r linearly independent elements in degree and by r — 1 linearly 
independent elements in degree m+1. 

Now we proceed to prove claims 1) to 7). The proof goes like the proof of 
Theorem 2.6. Thus Claims 1), 3), 6) and 7) follow from Proposition 2.10 (2.1) 
and Lemma 2.3 (2). The proof of Claim 2) follows from Proposition 2.10 (2.2) 
and Proposition 2.10 (2.5), and from Lemma 2.3 (3), arguing like for the proof 
the 3) in the proof of Theorem 2.6. Likewise Claim 4) follows from Proposition 
2.10 (2.3) and 2.10 (2.6) and from Lemma 2.3(3). Finally Claim 5) follows from 
Proposition 2.10 (2.3), (2.4) and 2.10 (2.6) and from Lemma 2.3 (3). □ 
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Remark 2.12. Proposition 2.10 states explicitely that the ring © n>0 H (C, 0® n ) 
has in each degree the same number of generators as © n>0 H°(X, K^- n ) . The 
way Theorem 2.11 is proven shows that the same is true for the "intermediate" 
™ngs n > o H°(X m ,,L®?), 2 < w! < m - 1. 

We find now sufficient conditions for K® n to satisfy property No: 

Theorem 2.13. Let X be a smooth, pluriregular variety of general type of even 
dimension m with ample and base-point- free canonical bundle. Assume that the 
canonical morphism has degree 3 and maps X onto a variety Y of minimal 
degree r. 

1) Ifr=l, then the line bundle K® n satisfies propety N if and only ifn> in j^ L . 

2) If r > 1, then the line bundle K^ 71 fails to satisfy property N if n < ^ and 
satisfies property Nq if n> m + 1 . 

Proof. The proof of 1) follows steps similar to those of the proof of Theorem 2.9. 

Step 1. K^ n does not satisfy property No if n < ^. 

Step 2. K® n satisfies property N if n = ^±1. 

Step 3. K® n satisfies property N if ^ < n < m + 1. 

Step 4- Kx n satisfies property N if n > m + 2. Step 1 is true by the same 
reason as Step 1 of the proof of Theorem 2.9. The other steps are proven like 
in Theorem 2.9 and the key facts to use are the surjectivity of ct( m ^~ 2 , m ^~ 2 ) if 
r = 1 and the surjectivity of a n / for all n' > m + 2. This was shown in 5) and 
7) of the proof of Theorem 2.11. We leave the rest of the details to the reader. 

The proof of 2) goes along the same lines. The fact that the line bundle K^ n 
fails to satisfy property iVo if n < y is proven like Step 1 of Theorem 2.9. The 
fact that K^ n satisfies property iVo if n > m + 1 follows from the surjectivity 
of a n i for all n' > m + 1 and r > 1. □ 

Comparing the previous result with Theorem 2.9 we realize that in the even 
dimensional case the following question is left open: 

Question 2.14. Let X be a smooth variety of general type and dimension m 
even and let X Y be a generically finite, canonically induced, degree 3 cover 
of a variety Y of minimal degree r > 1. Does K^ n satisfy property No if 
<n<m? 

The reason why this question cannot be addressed with the present arguments 
is that we cannot decide whether the map a{ m ^ L , m ^ L ) surjects. The map 
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0^rn±2^ does surject, as stated in Proposition 2.10 (2.4), but if we were to 

use Lemma 2.3 to deduce from the surjectivity of the surjectivity 

of a( in ^ L , m Y^ L ), we would also need the surjectivity of /3( Z2 ^ 2 -, ^). The latter 
map is however non surjective (cf. Proposition 2.10 (2.3)). 

3. On the structure of the canonical morphism 

In the previous section we studied the canonical ring of pluriregular varieties 
of general type X which were triple canonical covers of varieties of minimal 
degree. In this section we relax our hypothesis on X and % and study the 
structure of the canonical morphism X Y. This study also tells us about the 
structure of X and Y. We do not not assume a priori X to be pluriregular or 
even regular, neither do we assume 7r to be induced by the complete canonical 
series of X. In fact we start only with a base-point-free canonical subseries (we 
will see later, cf. Theorem 3.3, that assuming 7r to be flat is sufficient for X to 
be as the varieties studied in Section 2, that is, pluriregular and with 7r induced 
by the complete canonical series). Despite these weaker hypothesis, in the next 
theorem we are able to obtain interesting information relating the degree of Y 
and the dimension of X: 

Theorem 3.1. Let X be a smooth variety of general type of dimension m > 2 
and let Y C p r + m_1 be an m-fold of minimal degree. Assume that Kx is 
base-point-free and let W be a sublinear series of \Kx\ without base points. Let 
it : X — > Y be the morphism induced by W. Assume that tt is generically finite 
of degree 3. Then 

1) If m is odd, then the degree rofYis even (in particular Y is not linear P m ) 

2) Ifh}{Ox) = 0, then tx is induced by the complete canonical series of X . 

Proof. Since W has no base points, we may choose m — 1 general members 
of W so that its intersection C is a smooth and irreducible curve in X and so 
that <p = %\c is finite onto a smooth rational normal curve D of degree r in 
P r . Let 9 = K x \c- By adjunction 9® m = K c . Now, if m is odd, then C, 9 
and if satisfy the hypothesis of Proposition 2.4. Then according to Proposition 
2.4 (1.1), r is even. On the other hand, C, 9 and (p satisfy the hypothesis of 
Proposition 2.4 if m is odd, and the hypothesis of Proposition 2.10 if m is even. 
Hence, since m > 2, according to Proposition 2.4 (1.2) and Proposition 2.10 
(1.2), if is induced by the complete linear series \9\. Since i7 1 ((9x) = 0, by 
Kawamata-Viehweg vanishing we have also i7 1 ((9x m _i) = • • • = H 1 (Ox 2 ) = 0. 
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Then the fact that <p is induced by the complete \9\ implies that 7r is induced by 
the complete linear series of the canonical of X. This proves 2). □ 

Theorem 3.1 tells us among other things that a variety of minimal degree Y 
with degree an even integer, cannot occur as the image of a canonical morphism 
X A Y of de Erree 3 if the dimension of X is odd. In the next result we further 
eliminate possible targets of tc. Applied to the setting of Section 2, in which 
Y was a variety of minimal degree and it has degree 3, Theorem 3.2 tells us 
that there are no even dimensional canonical, generically triple covers of smooth 
rational normal scrolls. Theorem 3.2 is more general since it considers generically 
finite canonical morphisms of arbitrary odd degree and smooth scrolls fibered 
not necessarily over P 1 . 

Theorem 3.2. Let X be a smooth variety of general type of dimension m with 
base-point- free canonical bundle X . Let W be a linear subseries of \Kx\ without 
base points and let X ^ Y be the morphism induced by W . Assume that n is 
generically finite of degree n and that Y is a scroll. Then either n is even or m 
is odd. In particular, if n = 3, m is odd. 

Proof. Let G be a fiber of Y. Let H be the class of the hyperplane section of 
Y. Let g be a straight line in G. Then g = G ■ H^ m ~ 2 \ i.e, g is the complete 
intersection on Y of G and m — 2 suitable hyperplane sections. Likewise, n*g is 
the complete intersection on X of the pullback by % of m — 2 suitable hyperplane 
sections and ty*G. We choose the m — 2 hyperplane sections suitably so that, 
by Bertini, the intersection of the pullback by n of m — 2 of them is a smooth 
irreducible surface X' . The image of X' by 7r is a surface Y, which is also a 
smooth scroll and has dimension 2. Applying adjunction recursively we see that 
Kx> is the restriction of Kx + (m — 2)n*(H) to X' . Then the sectional genus of 
7r*G is t = (K x > + n*g) ■ n*g. Now we know that K x = ti*H, so we have that 

t = [K x + (m - 2)tt*H + n*G] ■ n*g = [(m - l)n*H + n*G] ■ 7v*g = (m - l)n . 

Thus, if m is even, m — 1 is odd, so n has to be even. And if n is odd, m — 1 
has to be even, hence m has to be odd. □ 

The two previous results eliminate several possibilities for the target of the 
morphism X —> Y. We end the section characterizing, under the stronger 
hypothesis of n being flat, the targets that actually do occur. We see this 
in the next theorem, where we give the list of the only possible targets. In 
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Proposition 3.4, we show that all the possibilities allowed by Theorem 3.3 do 
exist. Theorem 3.3 also shows that a variety of general type which admits a 
flat, triple canonical morphism onto a variety of minimal degree is necessarily 
pluriregular. The theorem below also describes some features of the morphism 

TT. 

Theorem 3.3. Let X be a smooth variety of general type of dimension m > 2. 
Assume that Kx is ample and base-point- free. Let W be a linear subseries of 
\Kx\ without base points. Let tt be the morphism induced by W . Assume that tt 
is flat and has degree 3. Let Y = tt(X) be a variety of minimal degree r. Then 
Y is one of the following: 

1 ) P m with m>2 even. 

2) A smooth rational normal scroll of odd dimension m > 3 and even degree 
r. In this case X is fibered over P 1 , with general fiber a smooth variety of 
general type of dimension m — 1. The restriction of tt to the general fiber 
is finite and flat, induced by the complete canonical series, and maps onto 
P 771-1 , fitting therefore in case 1) above. 

3) A smooth quadric hypersurface of odd dimension m > 3. 

In addition, tt is in fact induced by the complete canonical linear series of X; 
n*Ox = Oy © L _1 © L~ 2 for a line bundle L such that L~ 2 is not effective; 
Ky = L" 2 (l) and H\O x ) = ■■■ = H m+1 (O x ) = 0. 

Proof. Since 7r is flat and X is smooth, Y is also smooth. Thus Y must be 
one of the following: 

a) P m ; 

b) a smooth rational normal scroll; 

c) a smooth quadric hypersurface. 

Since tt is finite of degree 3 and flat, ti*Ox = Oy © E, where E is a locally 
free sheaf of rank 2 (cf. [HM]). Assume E does not decompose. Then since 
tt is induced by a canonical subseries, K x = n*(Oy(l)). Hence by projection 
formula, tt*Kx = Oy(l)@E{l). On the other hand, by relative duality tt*Kx = 
Ky © (E* © Ky), hence Ky = Oy(l) which is a contradiction. Then E = 
LT 1 © L^" 1 , for line bundles L\ and L2 such that neither LT 1 nor L^ 2 has 
sections, for X is connected. Furthermore 

TT,K X = Oy(l) © L^(l) © L2 \l) 

on the one hand and on the other hand, 

n*K x = Ky® (Ky © Li) © (Ky © L 2 ) ■ 
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We have already noticed that K Y cannot be Oy(l). Then either K Y = Lj~ (1) 
or Ky = (1). We see first what happens if Ky = (1). In this case 
Ky <S> Li equals either Oy(l) or L^" 1 (l). The latter leads to a contradiction. 
On the other hand, if K Y = L'^l) and K Y <g> L x = Oy(l), then L x = L® 2 
and K Y = L^~ 2 (l). The case Ky = 1 (1) is analogous, yielding L 2 = Lf 2 and 
K Y = L~ 2 {1). Thus we have shown that 

(3.3.1) 7r*O x = Oy © L _1 © L~ 2 , 

for a line bundle L such that L~ 2 is not effective. Moreover, ir*K x — Oy(l) © 
©L" 2 (l) and 

(3.3.2) = L" 2 (l) . 

Now we study further restrictions on 1), 2) and 3). Let Y be first P m . Since 
= Opm (—m — 1), by (3.3.2) m has to be even. Let Y be now a rational 
normal scroll. Let us denote by H the divisor class of its hyperplane section and 
by F the class of a fiber. Let r be the degree of Y. Then Ky — —mH+(r — 2)F. 
Again by (3.3.2) r has to be even and m has to be odd. The only case left is when 
Y is a smooth quadric hypersurface of dimension greater than 2. By Lefschetz 
Theorem, Picy = Z and is generated by the hyperplane section Y. In addition 
Ky = Oy(—m) by adjunction. Hence by (3.3.2) m is odd. 

Since L _2 (l) = Ky and by projection formula 

H°{Ti^{Oy{l)) = H°(Oy(l)) © H^L-^l)) © tf°(L- 2 (l) , 

checking for each case a), b) c) we see that iJ°(7r*7T*((9y (1)) = H°(Oy(l)), 
hence 7r is in fact induced by the complete canonical series of X. To further 
study the structure of tv in case 2), let us denote by G the inverse image of a 
general fiber F of Y. We have the following exact sequence: 

— H°(K X (-G)) — H°(K X ) — H°(K X © G ) — H\K x {-G)) . 

Since tt is finite, and K x {-G) = n*(Oy(H - F)), 

H 1 (K X (—G)) = H\O y {H -F)@ L-\H - F) © L" 2 (# - F)) . 



Since L -1 (Zf - F) = Oy(=^H + ?=±F) and L" 2 ( J H" - F) = Oy(-mH + 
(r — 3)F), the first cohomology group of the three line bundle vanishes. Hence 
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the complete linear series | Kx | restricts to the complete linear series Kq , which 
maps onto F = p m_1 . Q is smooth by Bertini, and since Kx is ample and 
base-point-free, G must be connected. The fmiteness of the morphism from G 
to F and the fact that its degree is 3 are clear. To see the flatness it suffices to 
see that 7r*(£> x ) ® O g = (%\ g )*(O g ). 

Finally, to see the vanishings of cohomology we will deal case by case. Recall 
that L" 1 = Oy{\{K Y - H)) and that tt*(Cx) = O y ® L~ x @ L~ 2 . If Y = P m , 
then H l (Ox) = for all 1 < % < m — 1, since intermediate cohomology of line 
bundles on Y vanishes. If Y is a smooth rational normal scroll, then 

H\O x ) = H\O y ) ® U\0 Y {- 1 -{m + + I( r - 2)F)) 

®H l (0 Y (-(m + 1)H + (r - 2)F)) = 

for all 1 < % < m — 1. The latter can be seen using Serre duality and pushing 
down to P 1 . Now, for Y smooth quadric hypersurface of dimension m we have 
the sequence 

— ► C pm+ i (-2) — ► C pm +i — > O y — > 

so the vanishing of H % (O y ) for all 1 < i < m — 1 follows from the vanishing of 
the intermediate cohomology of line bundles on projective space. □ 

Finally we show in the following proposition that all the possible varieties 
of minimal degree allowed by Theorem 3.3 do actually occur. Note also that, 
by the previous theorem, the varieties of general type constructed in the next 
proposition are pluriregular and satisfy therefore the hypothesis of Theorem 1. 

Proposition 3.4. 

a) There exist smooth varieties of general type X with base-point-free canonical 
bundle Kx and 

cyclic triple covers X — ► P m induced by the canonical morphism of X if and 
only if m is even. 

b) Let m > 3 and let Q C P m+1 be a smooth hyperquadric of dimension m. 
There exist smooth varieties of general type X with base-point- free canoni- 
cal bundle Kx and cyclic triple covers X — > Q induced by the canonical 
morphism of X if and only if m is odd. 

c) Let m > 3. There exist smooth rational normal scrolls S of dimension m 
and degree r, smooth varieties of general type X with base-point-free canon- 
ical bundle Kx and cyclic triple covers X — > S induced by the canonical 
morphism of X if and only if m is odd and r is even. 
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Proof. Theorem 3.3 takes care of the "only if" part of a), b) and c). To con- 
struct examples of triple covers on P m , m even, take the triple cyclic cover 
X —> P m ramified along a smooth divisor of degree 3 ("^+ 2 ) . i n such case, 

K x = TT*(K P m <g> C pm (m + 2)) = 7r*C pm (l) . 

Moreover 

H°(K X ) = J ff°(O pm (l))©i/ (Op m (-^))© J H- (Op m (-m-l)) = H (O P m(l)) , 

hence 7r is induced by the complete canonical series of X. Analogously, to 
construct examples of triple cyclic covers of a hyperquadric Q of odd dimension 
m > 3 we take the cover X —> Q ramified along a smooth divisor in Q, complete 
intersection of a hypersurface of P m+1 of degree 3 ( m 2 +1 ) and Q. Finally, to 
construct examples of triple cyclic covers of smooth rational normal scrolls of 
odd dimension m > 3 and even degree r, consider a smooth rational scroll 
S possessing smooth divisors linearly equivalent to In ^-H — ^^F, where H 
is the hyperplane class of S and F is the class of a fiber. Then we take the 
cyclic triple cover X — > S ramified along a smooth divisor linearly equivalent 
to ^H-^F. □ 

Remark 3.5 Theorem 1 and Proposition 3.4 show that if m > 3, there does 
not exist a converse to the theorem of M. Green (cf. [G]) which says that if X 
is a smooth, pluriregular variety of general type with base-point-free canonical 
bundle, then the canonical ring of X is generated in degree less than or equal to 
m if the image Y of the canonical morphism n of X is not a variety of minimal 
degree. Indeed, the canonical ring of the varieties constructed in Proposition 3.4 
are generated in degree less than or equal to if m is odd and m ^ L if m is 
even. Therefore, Y not being a canonical degree is a sufficient condition for the 
canonical ring of X to be generated in degree less than or equal to m but it is 
not a necessary condition. This is in contrast with the situation in dimension 2, 
where the converse of the result of Green is true, as it was proved by the authors 
in [GP]. 
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